FIBERS OF TROPICALIZATION 
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Abstract. We use functoriality of tropicalization and the geometry of projec- 
tions of subvarieties of tori to show that the fibers of the tropicalization map 
are dense in the Zariski topology. For subvarieties of tori over fields of gener- 
alized power series, points in each tropical fiber are obtained "constructively" 
using Kedlaya's transfinite version of Newton's method. 



1. Introduction 

A well-known folk theorem says that the tropicalization map for subvarieties 
of tori over algebraically closed nonarchimedean fields is surjective. This result 
has been published in various forms, both without proof in [Stu02|, Theorem 9.14], 
and with proposed proofs in [SS04|, Theorem 2.1 and Corollary 2.2] and |Spe05[ 
Proposition 2.1.2]. However, as several researchers have noted, there is a critical 
gap in these published proofsQ 

The idea of nonarchimedean amoebas and surjectivity of tropicalization seems to 
have origins in an unpublished manuscript of Kapranov, which treats the hypersur- 
face case, and was eventually partially incorporated into the paper [EKL06| . Since 
problems were noted in the published proofs of the general case, other versions of 
surjectivity of tropicalization have appeared in a rapid series of preprints. Katz 
descends to a discrete valuation ring to show surjectivity onto rational points for 
varieties over fields of Puiseux series in characteristic zero [Kat08[ Lemma 4.15]. 
In the same setting, Jensen, Markwig, and Markwig give an implementable al- 
gorithm for producing approximations to a point in each rational fiber |JMM07j . 
Another approach, using affinoid algebras and rigid analytic geometry, is developed 
in [Dra06[ Theorem 4.2]. 

Here we prove a strong form of surjectivity of tropicalization over an abitrary 
algebraically closed nonarchimedean field, showing that the fibers of tropicalization 
are not only nonempty but Zariski dense. The main new idea in the proof is to use 
the functorial properties of tropicalization to reduce to the hypersurface case via 
projections to smaller dimensional tori. 



^In ISS04I . the ring {S~^ RkIx]/S~^{I D RkI^])) ®Rk ^ isomorphic to a localization of 
K[x]/I, not to K[x]/I itself, as implicitly claimed in the first sentence of the third paragraph of 
the proof of Theorem 2.1. It is unclear why a maximal ideal in this localization, which corresponds 
to an ideal in K[x] /I that is maximal among those whose intersection with Rk [x] /I is contained 
in m, necessarily corresponds to a maximal ideal in K[x]/I. In |Spe05| , the notation is different, 
but the missing step is essentially the same. If Rfc was a discrete valuation ring then this gap 
could be filled by applying standard arguments from intersection theory to Spec Rk[x]/ I , as in 
IKatOSI . However, most /^'-varieties are not defined over discrete valuation subrings, so another 
argument is required. 
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2. Preliminaries 

2.1. Fields. Let K be an algebraically closed field and let v : K* ^ M be a 
nonarchimedean valuation. Say R (Z K is the valuation ring for i/, with m C i? 
the maximal ideal and k — R/m^ and let G C M be the image of v. Since K is 
algebraically closed, the residue field k is also algebraically closed and the valuation 
group G is divisible. 

Example 2.1. Suppose k is an algebraically closed field and G C M is a divisible 
subgroup. Then the field of generalized power series K = k{{t^)) with coefficients 
in k and exponents in G is algebraically closed. The elements of K are the formal 
sums a = X^ieG with a; in fc, such that the support of a 

supp(a) = {i e G I Ci 7^ 0} 

is well-ordered. The map v : K* G taking a nonzero generalized power series to 
the minimal element of its support is a nonarchimedean valuation. 

See the introductory sections of [Poo93| for an elegant overview of generalized 
power series rings and their history and [Pas77| pp. 598-602] for proofs that the 
nai've operations of addition and multiplication of formal sums are well-defined and 
that every nonzero element of K has a multiplicative inverse. Ribenboim proved 
that K is algebraically closed using the theory of maximal immediate extensions 
[Rib92j . Kedlaya gave another proof using a transfinite version of Newton's algo- 
rithm |Ked01b] , which inspired some of the arguments in this paper. These results 
are related to earlier work on algebraic properties of generalized power series by 
Rayner |Ray68| and §tefanescu |§te82[ [gleSS] . See also |McD95j and [KedOla] . 

Throughout this note, we will return to the example K = k{{t^)) of generalized 
power series with real exponents, and the reader may wish to keep this special case 
in mind. 

Remark 2.2. The main reason for working with generalized power series, instead 
of Puiseux series, is that fields of Puiseux series are never algebraically closed in 
positive characteristic. If k has characteristic p > then the solutions of the Artin- 
Schreier polynomial — x — t^^ in the generalized power series field k{{t^)) are 

(i-i/p+t-i/p^t-i// + ...) + c, 

for c e Fp , and none of these solutions lie in the Puiseux subfield. Of course, 
when k is algebraically closed of characteristic zero, the Puiseux field fc{{i}} is 
algebraically closed with valuation group G = Q, and the methods and results of 
this paper apply. 

Remark 2.3. Nonarchimedean fields other than Puiseux series and generalized 
power series occur naturally in many contexts. For instance, the nonarchimedean 
valuations on number fields and function fields of curves are used to construct 
"adelic amoebas" , which control nonexpansive sets in algebraic dynamics. See 
[EKL06[ Section 4] and |Pay07| . For such applications, it is essential to develop the 
basic properties of tropicalization for more general nonarchimedean fields. 

2.2. Tropicalization of tori and their subvarieties. Let T be an algebraic 
torus, with M its lattice of characters. Let N = Hom(M, Z) be the dual lattice of 
one parameter subgroups, and let Nq = Hom(M, G), which is a subgroup of the 
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real vector space Ns^ = Hom(Af, R). Recall that there is a natural bijection from 
T{K) to the set of group maps M K* taking x G T{K) to the evaluation map 

ev^ : M ^ K\ 

given by u I— s- x"(a:). Composing ev^; with v gives a group homomorphism M G, 
which we denote by Trop(a;) € Nq- This gives a tropicalization map 

Trop : TiK) -> TVr. 

For any subvariety X of T, we write Trop(X) for the image of X{K) under Trop. 

Example 2.4. Suppose K = k((t^)). Any choice of basis for the lattice of charac- 
ters induces a splitting of the torus, T = (if*)" and an isomorphism Nr = M". In 
such coordinates, the tropicalization map from (i^T*)" to R" takes a tuple of nonzero 
generalized power series (xi, . . . , a;„) to its vector of valuations {i>{xi), . . . , 

2.3. Functoriality of tropicalization. Let : T —> T' be a map of tori, and let 
M' be the character lattice of T'. Pulling back characters gives a natural map of 
lattices (p* : M' M . Let (j) : Nq ^ N'q be the dual map on Hom groups. 

Proposition 2.5. If (p : T ^ T' is a map of tori, then 

Trop oLp = <j) o Trop . 

Proof. Both maps take x e T{K) to the linear function taking u G M' to the 
valuation of x^ifi^))- D 

Corollary 2.6. If ip : T —> T' maps X into X' , then (j) maps Trop(X) into 
Trop(X'). 

Furthermore, the map of Hom groups corresponding to a composition of maps of 
tori is the composition of the corresponding Hom group maps, so Trop is a functor 
from if-subvarieties of tori to subsets of Hom groups. 

2.4. Residue maps and exploded tropicalization. The fiber of the tropical- 
ization map over the origin is 

Trop-i(0) = r(i?), 

since T{R) is the subgroup of T{K) consisting of points x such that ev^, maps AI 
into R* . In other words, the tropicalization map fits into a short exact sequence of 
abelian groups 

^ T{R) — > T{K) No 0. 

For points in T{R), composing the evaluation map ev^, from M to R* with the 
residue map from R* to k* gives a natural map to T{k). For a point x G T{R), we 
write X for its image, or "tropical residue", in T{k). 

If w is a nonzero point in Nq, then Trop^^(u) is a coset of T{R) in T{K). In 
particular, Trop~^(u) is a torsoi|3 over T{R). Furthermore, the action of T{R) on 
Trop^ (v) is algebraic, in the sense that Trop" {v) is naturally identified with the 
set of i?-points of a T-torsor Ty, as follows. 

Let the "tilted group ring" i?[M]'" be the subset of i4r[M] consisting of those 
Laurent polynomials ^ a„a;" such that i^(a„) is greater than or equal to (w, v) 

^See IBaeOel for an excellent motivational introduction to torsors, with an emphasis on their 
simplicity and naturality in mathematics and physics. 
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whenever a„ is nonzero. It is straightforward to check that i?[M]^ is closed under 
multiphcation and addition, and contains R. We define 

n = Spec i^[M]^ 

Then there is a natural map of i?-algebras 

R[M]" -> R[M] ® RIM]" 

given by ax" x" ®ax" ^ corresponding to a natural simply transitive group action 
of T on Ty. This gives T-u canonically the structure of a T-torsor defined over R. 

Now Ty{R) is the set of i?-algebra maps i?[M]" — > R. Given a point x in 
Trop~ (v), we get a point in Ty{R) by taking a„a;" to ay/ evx{u), and it is straight- 
forward to check that the induced natural map 

Trop-i(t;) ^Ty{R) 

is bijective. Composing with the residue map from Ty{R) to Ty{k) then gives a 
canonical map taking a point x in Trop~ (u), to its tropical residue x_ in Ty{k). 

Remark 2.7. Since K is algebraically closed, Ty{R) is not empty, and for any 
point in Ty (R) there is a unique isomorphism from Ty to T taking this point to the 
identity. However, there is no canonical way to choose a point in each Ty{R) in 
general, so to preserve the functoriality of our basic constructions we are obliged 
to work with the torsors themselves. 

Example 2.8. The situation is somewhat simpler when there is a natural section of 
Trop that splits the short exact sequence above. For instance, suppose K = k{{t^)) 
and fix w e iVn. Let y be the point in T{K) given by 

evj,(u) =t-<"'"^ 

Then translation by y maps Trop^^(u) naturally and bijectively onto Trop^^(O), 
inducing a natural isomorphism Ty ^ T. Therefore, in this case we may think of 
the residue map as taking Trop~^(u) into T{k). If we choose coordinates by fixing 
an isomorphism identifying T with (if*)" then this residue map takes a tuple of 
nonzero generalized power series {xi, . . . , Xn) to its tuple of leading coefficients 
{x_i , . . . , x„ ) . 

Definition 2.9. The exploded tropicalization map is the natural map 

Izop: TiK)^Y[Tyik) 

V 

taking a point x in Trop~^(u) to its tropical residue x in Ty{k). 

For any subvariety X C T, we write 'Jrop(X) for the image of X{K) under the 
exploded tropicalization map. 

Remark 2.10. The exploded tropicalization %xop{X) may be thought of as an 
algebraic analogue of the "exploded torus fibrations studied by Parker from a sym- 
plectic veiwpoint [Par07[ [Par08| . In particular, if the residue field k is the field of 
complex numbers and each tropical reduction Xy is smooth, then Trop(X) is nat- 
urally identified with the set of points of an object in Parker's exploded category. 
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Suppose ip : T ^ T' is a map of tori, and let (f> : Ng —> Nq be the induced 
group homomorphism. Then it is straightforward to check that for any v in Nq, 
the puUback under ip of the tihed group ring i?[Af 'J"^'"^ is contained in i?[Af]'' and 
that this induces a map of torsors 

over ip. 

Proposition 2.11. If ip : T ~> T' is a map of tori, then 

Trop o(^ = (^^, o Xrop . 

V 

Proof. Let a; be a point in Trop^^(i;) whose image in Ty{R) is given by 

ev^ : RIM]" -> R. 

Then both maps take x to the point y in T^(^^-^ik), where evy takes / € R[M']'^^'"'> 
to the residue of ev^ip* f ) in R/m. □ 

Corollary 2.12. If p> : T ^ T' maps X into X' , then piy maps 'Jrop(X) into 
Irop(X'). 

It follows that the exploded tropicalization map Trop is a functor from if-subvarie- 
ties of tori to subsets of the set of fc-points of a disjoint union of torus torsors. 
It comes with a "forgetful" natural transformation to the ordinary tropicalization 
functor Trop that takes points in Ty(k) to v. 

3. Initial forms 

We briefly recall some basic ideas related to initial ideals, as developed in con- 
nection with tropical geometry by Speyer and Sturmfels |SS04| |Spe05| . 

Recall that T„ is canonically defined over the valuation ring R, so the fiber 
over the closed point of Speci? is a scheme over the residue field k = R/m. The 
coordinate ring k[Ty] of this scheme is a quotient of the tilted group ring as 
follows. For each real number s, let tn^ (resp. m^) be the fractional ideal of R whose 
nonzero elements are the elements of K* with valuation greater than or equal to s 
(resp. strictly greater than s). Let fc* = m''/m!^. Then R[M]^ = 0„£m and 
k[Ty] is the natural quotient 

k[Ty] = k^^^^l 

Now each point v G TVr determines a weight function on monomials in i4r[M], 
given by 

bx" v{b) - {u, v), 

for u € M and b G K*. If all of the terms of a Laurent polynomial / S if [M] have 
nonnegative weight with respect to v, then / is in the tilted group ring i?[M]'", and 
the initial form inu(/) is defined to be the image of / in fc[T^]. 

Definition 3.1. For any K-subvariety X <Z T , the tropical reduction Xy is the 
k-subvariety of Ty cut out by the initial forms of all Laurent polynomials in the 
intersection o/i?[M]" and the ideal of X. 
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The tropical degeneration Xy is closely related to the initial degenerations in„(X) 
of subvarieties of afhne space studied in Grobner theory. The notation and termi- 
nology here is meant to emphasize that Xy lives inside the torus torsor Ty , and not 
in some partial compactification. 

Lemma 3.2. If x is a point in Trop^^(t)) H X{K), then x is in Xy{k). 

Proof. If a; is a point in X{K) and / e K[M] is a Laurent polynomial whose 
monomials have nonnegative weight with respect to v, then f{x) is in R, and 
is the image of f{x) in R/m. In particular, if f{x) vanishes then in„(/)(^) 
vanishes. □ 

Example 3.3. Suppose K = k{{t^)). Then each Laurent polynomial / e K[M] 
can be written uniquely as a formal sum of monomials / = X^u i '^"■i-^"^*' with 
coefficients a^^i G k* . Then the weight of a monomial a„_ia;"t* is i — {u, v), and it is 
customary to define the initial form in„(/) £ k[M] to be the sum of the monomials 
of lowest weight. This agrees with the definition in the general case above after 
identifying k[Ty] with fc[M], as in Example 12.81 provided that the weight of the 
lowest weight monomials is zero. All such initial forms of Laurent polynomials over 
in a given ideal in iir[M] is clearly in the ideal generated by those of weight zero, 
so the resulting degenerations are the same. 

4. Statement and applications of main result 

Roughly speaking, Lemma 13.21 says that if the valuation vector Trop(a:) of a 
point X £ X{K) is equal to v, then its leading coefficient vector x is in Xy(k). 
Surjectivity of tropicalization then says that any point in Xy{k) can be lifted to 
a point in Trop^^(w) n X{K). Our main result is that the set of all such lifts is 
Zariski dense. 

Theorem 4.1. For any v e Nq and any x G Xy{k), 

1top~'^{x)nX{K) 

is Zariski dense in X{K). 

Corollary 4.2. If v is in Nq and Xy is nonempty then 

TTop-\v)r\X{K) 

is Zariski dense in X{K). 

Remark 4.3. Arguments similar to those used in the proof of Theorem 14.11 show 
that each nonempty fiber of Trop is a generically finite cover of the set of R- 
points of a d-dimensional torus, where i? C if is the valuation ring. Similarly, 
if K ~ k{{t^)) then each nonempty fiber of Trop is a generically finite cover of 
a product of d copies the maximal ideal m C -R. Roughly speaking, this means 
that each nonempty fiber of the tropicalization of a d-dimensional subvariety of a 
torus is intrinsically c?-dimensional and therefore should not be contained in any 
(d — l)-dimensional subvariety. This motivates Theorem 14. II 

As applications of Theorem 14. li we have the following surjectivity statement for 
projections of tropicalizations. 

Corollary 4.4. If if : T T' is a map of tori and X' is the closure of ip(X) then 
YivVv maps 1top{X) surjectively onto 1wp{X'). 



FIBERS OF TROPICALIZATION 



7 



Specializing to the ordinary tropicalization map, we recover the foUowing surjectiv- 
ity resuh due to Tevelev [Tev05| Proposition 3] U 

Corollary 4.5. If tp : T T' is a map of tori and X' is the closure of Lp{X) then 
(j) : Ng — > Nq maps Trop(X) surjectively onto Trop(X'). 



Let T be an n-dimensional torus. Let d be a nonnegative integer, and let Gd be 
the Grassmannian of d-dimensional subspaces of N(^. 

Say that a projection of T is a split surjection T T' . Since a projection is 
determined (up to canonical isomorphism) by its kernel, the set of projections of T 
onto (n— (i)-dimensional tori is naturally identified with Gd(Q)- The correspondence 
takes a projection to the subspace of Nq spanned by the lattice of characters of its 
kernel. We consider Gd(Q) with the classical topology induced by its inclusion in 
the manifold Gdi^), the Grassmannian of real d-dimensional subspaces of A^r. 

Recall that for a map of tori ip : T ^ T' , we write </> : Nth N-^ for the induced 
map on vector spaces spanned by lattices of one-parameter subgroups. 

Proposition 5.1. Suppose X C T is a subvariety of codimension d + 1 and the 
tropical degeneration Xo contains the identity It- Then the set of projections : 
T ^ T' with the following three properties is dense in Gd{Q_)- 

(1) The closure of ip{X) is a hypersurface in T' . 

(2) For all nonzero v in the kernel of (j), X^ is empty. 

(3) The intersection of Xq with the kernel of is {It}- 

In the proof of the proposition wc will use the following basic lemma. Let X' C T' 
be the closure oi if{X). 

Lemma 5.2. For any v G N^, ipy{X^) is contained in X'^^^^y 
In particular, if Xy is nonempty then is nonempty. 

Proof. Suppose / is in the ideal of X' . Then iy9* in0(^)(/) is equal to in„((^*(/)), 
and ip* f vanishes on X. Hence p* in0(i,)(/) vanishes on Xy, as required. □ 

Proof of Proposition \5.1\ Let S{X) C be the set of points v such that Xy is 
not empty. Then S{X) is the underlying set of a finite polyhedral complex of pure 
dimension equal to the dimension of X |Stu02[ Theorem 9.6]. See also [Spe05[ 
Proposition 2.4.5] Q Then projection along a general d-dimensional subspace of 
Nq maps S{X) onto the underlying set of a finite polyhedral complex of pure 
codimension one. By Lemma [521 4>{S{X)) is contained in S{tp{X)), and it follows 
that if <I){S{X)) has codimension one then <p{X) must be a hypersurface. This 
shows that (1) and (2) hold for a dense open subset of G(j(Q). 

We now prove that (3) holds on a dense subset of Gd{^ by induction on the 
dimension of X. Suppose X is zero-dimensional. Then Xq has dimension zero, and 
we must show that a general codimension one subtorus misses the zero-dimensional 

Tevelev stated this result only for the algebraic closures of Puiseux fields, but his proof goes 
through in full generality. 

"^The polyhedral structure and pure dimensionality of S{X) is closely related to the Bieri- 
Groves Theorem that the set of characters induced by valuations on the function field K(X) that 



extend the valuation v gives a polyhedral complex in iVg of pure dimension d |BG84 |. a special 
case of which proved Bergman's conjecture on logarithmic limit sets of varieties ,Ber71| . 




5. Projections of subvarieties of tori 
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subscheme Xq \ It- Let x ^ It he a point in Xq- Then the kernel of the evaluation 
map evx : M K* is a proper sublattice 

Mx C M, 

and a subtorus Td C T contains x if and only A4x contains Nj^ n M, where Nd 
is the character lattice of Td- Now the complement of any finite union of proper 
sublattices contains a translate of a sublattice of full rank. In particular, there is a 
translate of a sublattice of full rank A C M that is disjoint from Ad^ for every x in 
Xfj \ It- If i is the line through a point in A, then corresponds to a codimension 
one subtorus disjoint from Xq \ It- Since A is a translate of a sublattice of full 
rank, the set of all such is dense (though not open) in GdiQ)- 

Now, suppose X is positive dimensional. For any codimension one torus Ti C T 
not containing X, Ti Cl X has pure codimension d in Ti, and hence dimension 
strictly smaller than X. Then, by induction on dimension, there is a dense set of 
d-dimensional subtori Tq C Ti such that the projection Ti — > Ti/Tp satisfies (3) for 
Ti n X. If To is such a torus, then the projection T — > T/Tq also satisfies (3). 

Therefore, the set of projections satisfying all three conditions is the intersection 
of an open dense subset of Gd{Q) where (1) and (2) are satisfied with a dense set 
where (3) is satisfied, and hence is dense. □ 

6. Proof of main result 

Let X be a point in Xy{k), for some v £ Nq- We must show that Tvop~^{x) D 
X{K) is Zariski dense in X{K). After translating by a point in Trop~^(— u), we 
may assume that v — and x — 1t- 

6.1. Reduction to the hypersurface case. Choose a projection (p : T T' a.s 
in Proposition 15. II Let X' C T' be the closure of the image of X. By Lemma [5.21 
1t' is in Xq. 

Suppose Trop~^(lT') is dense in X'{K). By the choice of the projection, any 
point in X{K) that maps into Trop^^(lT') must lie in Trop~^(lT)- Now (p{X) 
contains an open dense subvariety of A"', so it follows that the image of 5:rop"^(lT) 
is dense in X'{K). Since X and X' have the same dimension, Trop~ (It) must be 
dense in X{K). 

Therefore, we may assume that X is a hypersurface. 

6.2. Tropicalization of hypersurfaces. Suppose X C T is a hypersurface. Let 
/ G be a defining equation for X. 

Proposition 6.1. If X G T is a positive dimensional hypersurface with x G Xq 
then Tvop^^{x) is infinite. 

Proof. We prove the proposition by explicitly producing solutions to / with the 
desired tropicalization using Newton's method, as in Kedlaya's proof that fields of 
generalized power series over an algebraically closed field are algebraically closed 
IKednib) . 

Choose a splitting M ^ Z", inducing an identification 

K[M]^K[y,,y^\...,y„,y-']. 

After multiplying / by a monomial ax" with a G K* and u G M, we may assume 
that / G R[yi, ?/2, ■ ■ • , y-n] is a polynomial and that ino(/) is nonzero. 
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Let X = {xi, . . . , £„) be a solution of ino(/). Choose lifts X2, ■ ■ ■ ,Xn in R*, with 
residues X2, ■ ■ ■ , respectively. Let g be the polynomial g{y) = f{y, X2, ■ • ■ , Xn)- 
Since K is algebraically closed, g factors as a product of linear terms 

giv) = y^{ciy - di) • ■ ■ [crv - dr), 

which can be normalized so that each Ci and di are in R. Now, initial forms are 
multiplicative, so ino(g) = mo{ciy — di) ■ ■ ■ mo{cry — dr). By construction, Xi is 
a solution of ino((?). Therefore, there is a solution y — di/ci of g in R* with residue 
Xi. In particular, since there are infinitely many distinct lifts of £2, this produces 
infinitely many points in Trop~^(x) fl X{K), as required. □ 

Example 6.2. U K = k{{t^)) then solutions to g in the proof of Proposition 16.11 
with valuation zero and the desired residue 2.1 can be constructed by Kedlaya's 
transfinite version of Newton's method. See [Ked01b|, Section 2], or the Appendix 
below. This approach is closely related to the algorithmic arguments developed 
independently by Jensen, Markwig, and Markwig |JMM07| . 

6.3. Conclusion of proof. 

Proof of Theorem \4-.l\ We may assume that X is a hypersurface and x is in Xo(fc). 
Let y e X{K) be a general point. We must show that y is in the Zariski closure of 
Xrop~ (x). By Proposition 16. H Trop^ {x) r\X{K) is nonempty, so we may choose 
a point X G 'Xrop^^(x). Furthermore, since X is affine, we can find a curve C (Z X 
containing both x and y. Therefore, it will suffice to show that y is in the Zariski 
closure of 'Jrop^^(a;) n C{K). In other words, it suffices to prove Theorem 14. II for 
an arbitrary curve C . 

Once again, by projecting as in Proposition l5.ll we may assume that C is a curve 
in a two-dimensional torus. Then Proposition 16.11 savs that 'Xrop^^(x) n C{K) is 
infinite, and hence Zariski dense, as required. □ 

7. Appendix: Kedlaya's transfinite version of Newton's Algorithm 

Here we give a strong lifting property for solutions of polynomials over gen- 
eralized power series. This lifting property appears implicitly in Kedlaya's proof 
that such fields are algebraically closed if the residue field is algebraically closed. 
For the reader's convenience, we sketch a "tropical" proof, adapted from Kedlaya's 
original presentation of the transfinite version of Newton's algorithm in terms of 
slopes of faces of Newton polytopes (KedOlbi Section 2]. Here, K = k{{t^)) is an 
algebraically closed field of generalized power series. 

Kedlaya's Lemma. Let f £ K[z, z"^] be a Laurent polynomial in a single variable, 
and let a £ k* be a solution o/in„(/) with multiplicity m. Then there are exactly m 
solutions f{x) = in K* such that v{x) = v and x = a, counted with multiplicity. 

Proof. After multiplying / by a power of z, we may assume that 

f ^ Cq + ClZ -\ 1- CdZ"^ 

is a polynomial with nonzero constant term. By induction on the degree of /, we 
may assume that v is the largest real number such that in^if) is not a monomial, 
and replacing z by some z + c, we may assume that v — 0. Furthermore, after 
multiplying both / and z by suitable powers of t, we may assume that v^Ci) is 
nonnegative for all i, and ^(cq) = 0. 
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We inductively construct a transfinite sequence of approximations S K* 
converging to the required solution of /, as follows. Set 

xi = a, and j/i = f{xi). 

Since xi is a solution of ino(/), v{yi) is strictly positive. Now, for any h £ K, let 
A(/i) be f{z + h) — f{z). Then A is a polynomial of degree d with no constant 
term, so it may be written as 

A(/i) = c'l/i + • • • + c>^ 

and each nonzero has z^(c-) > 0. Let ^ be the "tropicalization" of A, which is 
the convex piecewise linear function on M given by 

^{r) = min{z/(c') + i • | ^ 0}. 

Then is strictly increasing, so there is a unique vi such that = ^{yi)- 

The coefficient of t^'^^i) in A(at"i) is a nonzero polynomial in a with no constant 
term, so it takes on every value in k* , and when this coefficient is nonzero then the 
valuation of /S.{at^^) is v{yi). In particular, we can choose ai such that the leading 
term of A(airi) is -y^f^v^K 
Therefore, if we set 

X2 = a + aif"^ 

then either f{x2) = or i'{f{x2)) is strictly greater than vi. We set y2 = f{x2) and 
continue to produce successive approximations similarly, by transfinite induction, 
as follows. 

For any ordinal w, suppose we have coefficients Oj G k* and a strictly increasing 
sequence of exponents Vj G M* , for j < uj with the property that if we set 

Xj = a + aj't^i' and yj — f{xj), 

j'<3 

then v{yj) is greater than v{yj') for all f < j < u>. Now, let x^ = a + Y^j^^ ajx""^ . 
Then, it is clear that either f{xu) = or i^ifixc^)) is greater than Vj for all j < uj. 
If f{xuj) is not zero, then we set y^^ = f{xa,) and continue as in the case lo = 1 
above, choosing such that ^{v^) = v{y^) and choosing such that the leading 
term of /S.^aut"'-') is —y^t''^'^'^\ Then either x^+i = x^, + a^t'"'^ is a solution for / 
or f{x^j^\) has valuation strictly greater than y{yuj)- 

Since the increasing sequence of real exponents Vj is wcll-ordcrcd, this sequence 
must be at most countable. Therefore, the transfinite Newton's algorithm must 
terminate, producing a solution /(a;^^) = 0, for some u) less than or equal to the 
first uncountable ordinal, with leading term = a. That the number of such 
solutions is equal to m is clear \i d = 1, and follows in general by induction on 
degree. □ 
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